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ABSTRACT 
The p r o p e r t i e s  of t h e  propagating p r e s s u r e  waves i n  a 
f l u i d - f i l l e d  c y l i n d r i c a l  s h e l l  as e s t a b l i s h e d  by a two- 
dimensional t heo ry  o f  t h e  f l u i d  a r e  de r ived .  
t r e a t e d  as an a x i a l l y  symmetric, i n v i s c i d ,  and compressible 
l i q u i d .  
accordance with s h e l l  t h e o r y ,  
s h e l l  wall i s  included;  however, t h e  t r a n s v e r s e  shea r ing  
r i g i d i t y  i s  ignored. 
The f l u i d  i s  
The c y l i n d e r  bounding the f l u i d  i s  t r e a t e d  i n  
The bending r i g i d i t y  of t h e  
The equat ions of motion of t h e  f l u i d  and s h e l l  p e r -  
t u r b a t i o n s  with r e spec t  t o  a s t e a d y - s t a t e  flow are reviewed. 
For propagat ing harmonic h y d r o e l a s t i c  waves, it i s  shown 
t h a t  t h e  n a t u r e  of t h e  f l u i d  p re s su res  depends on whether 
v e l o c i t y .  A s i m p l i f i c a t i o n  of  the s o l u t i o n  of t h e  equa t ions  
o f  motion i s  r e so lved  f o r  s t e a d y - s t a t e  flows having flow 
v e l o c i t i e s  less than  t h e  phase v e l o c i t i e s  o f  t h e  propagat ing 
waves. 
Cl\r ,,n+ tkz  -hqeO T r n l n , . 4 + . .  - C  &I-- ..---- - - - - -  - 1 __- - . y A v b a c j  "I. L a i L  w a v c  GnLccuj i.iic ~ ~ u u s i i c  
The c a l c u l a t e d  p r o p e r t i e s  o f  t h e  propagat ing p r e s s u r e  
waves t y p i c a l  of t h e  p r o p e l l a n t  feed l i n e s  of rocke t  
p r o p e l l a n t  systems a r e  a l s o  presented.  F i n a l l y ,  t h e  
p e r s p e c t i v e  of t h e  p e r t i n e n t  benavioral  a t t r i b u t e s  showing 
i n  what o r d e r  o f  occurrence o f  the water hammer behavior ,  
t h e  s h e l l  wall v i b r a t i o n s  as inf luenced by t h e  f l u i d ,  and 
t h e  a c o u s t i c  behavior  o f  t h e  f l u i d  i s  reviewed. 
V 
SID 67-212-1 
I -  
N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 
PdECEDlNG PAGE BLANK NOT flwEp._ 
CONTENTS 
Title Page 
FOREWORD . . . . . . . . . . . . . . . . . . . . . . . . . . . .  iii 
ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . .  V 
SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . .  xi 
INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
. 
REVIEW OF THE EQUATIONS OF MOTION . . . . . . . . . . . . . . . . .  5 
SOLUTION FOR PROPAGATING HARMONIC WAVES . . . . . . . . . . . . . .  11 
EXAMINATION OF THE CHARACTERISTIC EQUATION . . . . . . . . . . . .  19 
The Properties of  the Propagating Waves Having Subsonic 
Phase Velocities, A I K . . . . . . . . . . . . . . . . .  22 2 2 
The Properties of the Propagating Waves Having Supersonic 
29 2 2  Phase Velocities, A 2 K . . . . . . . . . . . . . . . . .  
CALCULATED RESPONSE PROPERTIES TYPICAL OF THE FEED LINES O F  ROCKET 
PROPELLANT SYSTEMS . . . . . . . . . . . . . . . . . . . . . . .  35 
CONCLUDING REMARKS AND RECOMMENDATIONS . . . . . . . . . . . . . .  39 
REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . .  43  
vii 
SID 67-212-1 





















. Typical Propellant/Duct Parameters . . . . . . . . . .  
Coordinates, Fluid Velgcity Components & Shell Dis- 
placement Components . . . . . . . . . . . . . . .  
Typical Shell Wall Loads for Subsonic & Supersonic 
The Simultaneous Solution 1L. fn2) = dn2\. . - 
Phase Velocities . . . . . . . . . . . . . . . . .  
t .  I I '  I 
. . . . . . . . . . . . . . . . .  
G(K2/t2 ) - (K2/t2). . . . . . . . . . . . . . .  
Mapping the Solution of ( $2 /t 2~ ) 
Supersonic Branches of the Frequency-Wavelength 
= G . . . . . .  
Relationship . . . . . . . . . . . . . . . . . . .  
The Lower Branch Frequency-Wavelength Relationship 
The Lower Branch Phase Velocity vs Wave Number 
. 
Relationship . . . . . . . . . . . . . . . . . . . .  
m = 0.0571 . . ($*/c2u) - c 2  for p = 40.9 and 
G - ( K ~ /  6') f o r  
($~~/t~cr) - t2 f o r  p = 2.54 and c r =  0.920 . . .  
G - ( .'/S2) 
c = 0.0571 and v2 = 0.1089 . . .  
f o r  cr = 0.920 and v 2  = 0.1089 . . .  
Graphical solution of ((p/4= Jo(~p)/J,(tpj a - * 
The Frequency vs Wavelength Relationship for 
cr = 0.0571, p = 40.9 and c = 4420 . . . . .  
The Frequency vs Wavelength Relationship for 





















NORTH A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 
Figure Page * \  
17a Response Typical  o f  t h e  Hydroe las t ic  Propagat ing Wave 
Having t h e  Subsonic Phase Ve loc i ty  . . . . . . . . . 69 
17b Response Typical  of t h e  Hydroe las t ic  Propagat ing Wave 
Having t h e  Supersonic  First Mode Phase Ve loc i ty  . . 70 
17c Response Typical  of t h e  Hydroe las t ic  Propagat ing Wave 




SPACE and INFORMATION SYSTEMS DIVISION @ NORTH A M E R I C A N  A V I A T I O N ,  I N C  
SYMBOLS 
Reference coordinates  of t h e  f l u i d / s h e l l  combination 
des igna t ing  t h e  r a d i a l  and l o n g i t u d i n a l  p o s i t i o n s ,  
r e s p e c t i v e l y .  
vr. v 
X 
Radial  and l o n g i t u d i n a l  components o f  f l u i d  v e l o c i t y ,  
r e s p e c t i v e l y .  
S t e a d y - s t a t e  and p e r t u r b a t i o n a l  components of t h e  
l o n g i t u d i n a l  component of f l u i d  v e l o c i t y ,  r e s p e c t i v e l y .  
Fluid p re s su re  P 
Flu id  mass d e n s i t y  
S t e a d y - s t a t e  f l u i d  mass d e n s i t y .  
P 
PO 
B Bulk modulus of t h e  f l u i d .  
Acoustic v e l o c i t y  i n  t h e  f l u i d .  C 
Veloci ty  p o t e n t i a l  o f  t h e  f l u i d  0 
a Cylinder  radius 
Radial and 1ongitudinal.displacement components of 
t h e  s h e l l .  
h Wall t h i ckness  o f  t h e  s h e l l .  
Mass p e r  u n i t  su r f ace  area of t h e  s h e l l .  m 
Mass d e n s i t y  of t h e - s h e l l  material. p s  
E Young's modulus o f  t h e  s h e l l  material. 
V Poisson 's  r a t i o  o f  t h e  s h e l l  ma te r i a l  
D Extensional  r i g i d i t y  of t h e  s h e l l .  
K Wall bending r i g i d i t y  of t h e  s h e l l  
E l a s t i c  wave v e l o c i t y  i n  t h e  s h e l l  C S 
w Frequency 
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Modified Bessel f u n c t i o n s  of t h e  first kind,  and 
zero and first o r d e r s ,  r e s p e c t i v e l y .  
Bessel f u n c t i o n s  o f  t h e  f irst  kind,  and zero and 
first o r d e r s ,  r e s p e c t i v e l y .  
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Wave number parameter 
Phase v e l o c i t y  parameter 
Mass r a t i o  parameter 
Speed r a t i o  parameter 
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CG Io (TI 
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SI D67 - 2 12-1 
~~ 
NORTH A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 
Auxiliary function o f  the characteristic equation (1 - PJ O ( 5 )  r’ 
+ I 2 ) ,  G($) Auxiliary functions of the characteristic function 
(cf., Equations 43 and 53). 
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1 N'TRODUCT ION 
The theo ry  o f  t h e  propagat ion of p re s su re  waves i n  a f l u i d - f i l l e d  
c y l i n d r i c a l  s h e l l ,  exemplif ied by t h e  one-dimensional t heo ry  of water hammer 
behavior ,  has numerous p r a c t i c a l  a p p l i c a t i o n s .  
problems t o  which t h e  one-dimensional theory has been s u c c e s s f u l l y  a p p l i e d  
inc lude  t h e  a n a l y s i s  of t h e  t ransmission dynamics o f  f l u i d  power c o n t r o l  
systems, Reference [ l] ,  and t h e  s tudy  of p r e s s u r e  t r a n s i e n t s  occur r ing  i n  
t h e  p i p e l i n e s  o f  hydrau l i c  s t o r a g e  and d i s t r i b u t i o n  systems, Reference [ 2 ] .  
More r e c e n t l y ,  t h e  one-dimensional theory has  been app l i ed  t o  exp la in  t h e  
unsteady h y d r o k l a s t i c  p r e s s u r e  surges  bel ieved t o  occur  i n  t h e  p r o p e l l a n t  
f eed  l i n e s  o f  rocket  p r o p e l l a n t  systems, Reference [3] ,  and i s  a l s o  c u r r e n t l y  
in s t rumen ta l  i n  t h e  t h e o r e t i c a l  examination o f  launch v e h i c l e  l o n g i t u d i n a l  
o s c i l l a t i o n s ,  Reference [4]. Although the one-dimensional t heo ry  has 
widespread p r a c t i c a l  a p p l i c a t i o n ,  i t  does have d e f i n i t e  l i m i t a t i o n s .  These 
l i m i t a t i o n s ,  t hus  far ,  have n o t  been f u l l y  explored.  
The va r ious  engineer ing 
B r i e t l y ,  t h e  one-dimensional t heo ry  of t h e  p r e s s u r e  waves i n  a f l u i d -  
f i l l e d  c y l i n d r i c a l  s h e l l  i s  based on two governing p r i n c i p l e s .  
hydrodynamic mechanism involves  only t h e  l o n g i t u d i n a l  component of f l u i d  
momentum. Second, t h e  h y d r o e l a s t i c  mechanism, based on t h e  p r i n c i p l e  
on ly  t h e  f l u i d  l o n g i t u d i n a l  c o n t i n u i t y  is  t o  be maintained, involves  t h e  
f l u i d  c o m p r e s s i b i l i t y  and t h e  change of the  c r o s s - s e c t i o n a l  a r e a  o f  t h e  
e l a s t i c  c y l i n d e r  bounding t h e  f l u i d  caused by t h e  s t a t i c  s t r u c t u r a l  
response t o  t h e  f l u i d  p r e s s u r e s .  
p r e s s u r e  
cons t an t  r e g a r d l e s s  of t h e  wavelength. 
depending on ly  on t h e  s e c t i o n a l  phys i ca l  p r o p e r t i e s ,  i s  de f ined  by t h e  
equa t ion  f o r  t h i n  walled c y l i n d e r s ,  
First, t h e  
For a continuous t r a i n  o f  free harmonic 
waves, t h e  theo ry  desc r ibes  the  v e l o c i t y  o f  wave propagat ion as 
The v e l o c i t y  o f  wave propagat ion 
Reference [2] .  For harmonic s t and ing  wave v i b r a t i o n s ,  t h e  theo ry  d e s c r i b e s  
t h e  frequency of t h e  response t o  be i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  wave- 
l e n g t h  e x h i b i t e d .  That i s ,  
7 1 .  C 
w = p  
-1- 
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I n t r i n s i c  t o  t h e  one-dimensional t heo ry  i s  t h e  underlying assumption 
t h a t  t h e  long i tud ina l  r a t e  o f  change of t h e  s h e l l  wall deforniation i s  
d i r e c t l y  p ropor t iona l  t o  t h e  l o n g i t u d i n a l  ra te  of change of t h e  a c t i n g  
p r e s s u r e  d i s t r i b u t i o n .  I n  t h e  extreme case ,  f o r  discont inuous l o n g i t u d i n a l  
p r e s s u r e  d i s t r i b u t i o n s ,  it i s  implied t h a t  l o n g i t u d i n a l  d i s c o n t i n u i t i e s  
o f  t h e  s h e l l  wall deformation occur .  
Furthermore, f o r  sudden l o n g i t u d i n a l  changes o f  t h e  s t r u c t u r a l  deformation, 
no t  only i s  t h e  deformation continuous but  t h e  s h e l l  wall bending r e s i s t a n c e  
i s  j u s t  as s i g n i f i c a n t  as t h e  membrane r e s i s t a n c e  a l r e a d y  included i n  t h e  
theo ry .  F i n a l l y ,  due t o  t h e  b a s i c  suppos i t i ons  t h a t  t h e  flow f i e l d  i s  
one-dimensional and t h a t  t h e  s h e l l  response is s t a t i c ,  t h e  b a s i c  water  
hammer theory does not  r e v e a l  t h e  n a t u r e  of  occurrence o f  e i t h e r  t h e  pro-  
paga t ing  a c o u s t i c  waves o f  t h e  f l u i d  o r  t h e  propagat ing s h e l l  wall 
v i b r a t i o n s .  
But t h i s  i s  no t  p h y s i c a l l y  p o s s i b l e .  
The purpose o f  t h e  t h e o r e t i c a l  a n a l y s i s  p re sen ted  i n  t h i s  r e p o r t  is 
t o  examine the  two-dimensional, a x i a l l y  symmetric, mathematical  ex tens ion  
o f  t h e  b a s i c  t heo ry  and t o  e s t a b l i s h  t h e  p e r s p e c t i v e  of t h e  p e r t i n e n t  
dynamic p r o p e r t i e s  showing i n  what o r d e r  t h e  water  hammer behavior  o f  t h e  
one-dimensional theory,  t h e  a c o u s t i c  behavior  o f  t h e  f l u i d ,  and t h e  s h e l l  
wall v i b r a t i o n s  occur .  
p e r t i n e n t  t o  t h e  s tudy  o f  propagat ing waves i n  e i t h e r  a c y l i n d r i c a l  s h e l l  
o r  t h e  combination o f  t h e  c y l i n d r i c a l  s h e l l  and a compressible i n v i s c i d  
f l u i d  a r e  r e a d i l y  a v a i l a b l e .  
Work o f  t h i s  type i s  not  new. Seve ra l  papers  
For example, prompted by t h e  problem of t h e  r a d i a t i o n  o f  underwater 
n o i s e ,  t h e  a x i a l l y  symmetric f ree  v i b r a t i o n s  o f  an i n f i n i t e l y  long f l u i d -  
f i l l e d  c y l i n d r i c a l  s h e l l  immersed i n  an i n f i n i t e  f l u i d  has been s t u d i e d  
by Junger ,  Reference [SI, and t h e  fo rced  and free v i b r a t i o n s  o f  an 
i n f i n i t e l y  long c y l i n d r i c a l  s h e l l  immersed i n  an i n f i n i t e  a c o u s t i c  medium 
has been s t u d i e d  by Bleich and Baron, Reference [ 6 ] .  The primary concern, 
i n  both papers ,  i s  €or t h e  h y d r o e l a s t i c  mechanism gene ra t ing  t h e  a c o u s t i c  
p r e s s u r e s  and t h e  n a t u r e  o f  t h e  r a d i a t i o n  o f  t h e  p r e s s u r e s  throughout t h e  
surrounding f l u i d .  More r e c e n t l y ,  t h e  behavior  o f  an i n t e r n a l  compressible 
f l u i d  column i n t e r a c t i n g  wi th  a t h i n  p r e s s u r i z e d  c y l i n d r i c a l  s h e l l  has been 
s t u d i e d  by Berry and Re i s sne r ,  Reference [ 7 ] .  In t h i s  work, t h e  b r e a t h i n g  
modes of s h e l l  behavior  and not  t h e  a x i a l l y  s y m e t r i c  mode o f  s h e l l  
behavior  a r e  examined. 
o f  t h e s e  papers apply d i r e c t l y  t o  t h e  work p resen ted  i n  z t h i s  r e p o r t ,  t h e  
r e s u l t s  published i n  t h e s e  papers do n o t .  
Although t h e  a n a l y t i c a l  p r i n c i p l e s  and procedures 
Other work more d i r e c t l y  r e l a t e d  t o  t h e  s tudy  p resen ted  h e r e  inc ludes  
t h e  ana lyses  by Herrman and Mirsky of t h e  propagat ing harmonic v i b r a t i o n s  
o f  a c y l i n d r i c a l  t ube ,  References [8] and [9]. Prompted by t h e  problem 
of r e l a t i n g  t h e  theo ry  of e l a s t i c i t y  and t h e  theo ry  of s h e l l s ,  Herrman and 
Mirsky reviewed t h e  a x i a l l y  symmetric behavior  of t h i ck -wa l l ed  c y l i n d r i c a l  
s h e l l s .  
two d i s t i n c t  regimes of s h e l l  wall behavior  e x i s t ,  s epa ra t ed  by t h e  so- 
Their examination o f  t h e  low frequency v i b r a t i o n  mode reveals t h a t  
-2- 
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I The i r  work shows t h a t ,  f o r  wavelengLhs longer than  t h e  t r a n s i t i o n  wavelength, 
t h e  s h e l l  wall response desc r ibed  by t h e  s o p h i s t i c a t e d  theo ry  is e s s e n t i a l l y  
i d e n t i c a l  t o  t h e  response desc r ibed  by the elementary s h e l l  t heo ry  which 
r e f l e c t s  on ly  t h e  s h e l l  mass and t h e  membrane r i g i d i t y .  For wavelengths 
s h o r t e r  than t h e  t r a n s i t i o n  wavelength, t h e  s h e l l  wall response desc r ibed  
by t h e  s o p h i s t i c a t e d  theo ry  i s  e s s e n t i a l l y  t h e  response desc r ibed  by t h e  
theo ry  of  f l a t  p l a t e s  and, consequently,  r e f l e c t s  e i t h e r  o r  both t h e  s h e l l  
wall bending r i g i d i t y  and t h e  t r a n s v e r s e  s h e a r i n g  r i g i d i t y  depending on t h e  
wall t h i c k n e s s  o f  t h e  s h e l l .  These conclusions r e so lved  by Herrman and 
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REVIEW OF THE EQUATIONS OF MOTION 
The hydroelastic behavior of a cylindrical shell filled with a flow- 
ing fluid is governed by two essentially independent sets of partial 
differential equations. 
dynamic behavior of the cylindrical shell wall. 
the compatibility between the fluid and the shell radial velocity com- 
ponents at the shell wall and the shell wall compliance to the fluid 
pressures generated at the wall - interconnect the fluid and the shell 
equations of motion. 
The first set pertains to the axially symmetric 
The physical constraints - 
These equations of motion are otherwise unrelated. 
The assigned cylindrical coordinates, the axially symmetric fluid 
The steady-state 
velocity components and the shell wall displacement components pertinent 
to the equations of motion are depicted in Figure 1. 
fluid velocity is denoted by 
perturbations are denoted by vr(r,x,t), v(r,x,t) and w(x,t), u(x,t), 
respecrively. 
V. The unsteady fluid and shell wall 
The outward acting distributed fluid pressure load on the 
< h e l l  wall, nnt  ~ h n w n  i n  F i m i r p  1 ,  iz q c r i r m n r l  t h n  n n c ; t ; l r n  y-“--*.- U W 1 . U ” .  rnnrn  
-0--- ----o---- ---- 
The equations of motion of the fluid pertinent to this study are 
formulated using the fundamental principles presented in References [lo] 
and [ll]. 
of fluid body forces is governed by the law of fluid continuity, 
The behavior of the compressible inviscid liquid in the absence 
the Eulerian equations of motion, 
avr - =  avr - 1 3  - + v  avr - +  v at r ar x ax P ar 
avX + v  - = - 3 *  avX + v. -avX -
at r ar x ax P ax 
and the liquid acoustical pressure-density relationship, 
-5- 
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The acous t ic  v e l o c i t y ,  c y  def ined  by Equation (6) i s  e s s e n t i a l l y  cons t an t  
f o r  a wide v a r i a t i o n  o f  p r e s s u r e ,  s o  long a s  t h e  minimum p r e s s u r e  exceeds 
t h e  vapor pressure  of t h e  l i q u i d ,  and depends on t h e  bulk modulus o f  
e l a s t i c i t y ,  B ,  a s  shown. T h e s e  equat ions  involv ing  unknown v e l o c i t y  com- 
ponents ,  dens i ty  and p r e s s u r e  may be r q l a c e d  by a s i n g l e  r e l a t i o n s h i p  
involv ing  an unknown s c a l a r  v a r i a b l e .  
The p e r s i s t e n c e  o f  i r r o t a t i o n a l i t y  o f  an i n v i s c i d  f l u i d  permi ts  
and t h e  v e l o c i t y  p o t e n t i a l ,  $ ( r , x , t ) ,  occu r r ing  c o n s i s t e n t  wi th  t h e  
r e l a t i o n s h i p s  
t o  be introduced.  I t  fo l lows  t h a t  Equation (5) can be  i n t e g r a t e d  wi th  
r e s p e c t  t o  space - t h a t  i s ,  no t  n e c e s s a r i l y  a long a s t r e a m l i n e  - t o  y i e l d  
t h e  Bernoul l i  equa t ion  
As i nd ica t ed  i n  Reference [ l l ] ,  t h e  cons tan t  of i n t e g r a t i o n ,  F ( t ) ,  can 
be superimposed on - without  a l t e r i n g  t h e  p r o p e r t i e s  o f  t h e  f low.  Con- 
sequen t ly ,  it i s  pe rmi t t ed  t o  r e p l a c e  t h e  preceding  equat ion  wi th  
a t  
2+ i ( V r  2 + vx 2 ) '  /- * =  c 
a t  P 
where C is  a cons an t  eva lua ted  anywhere i n  t h e  floi . The p a r t i a l  
d i f f e r e n t i a t i o n  o f  Equation (8) wi th  r e s p e c t  t o  t ime y i e l d s  
N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 
o r  
I t  fol lows from Equation (6) t h a t  
Consequently,  Equations (9) and (5) using Equation (10) y i e l d  
Moreover, us ing  t h e s e  equa t ions ,  it i s  e a s i l y  shown t h a t  Equation (4) i s  
i d e n t i c a l  t o  
avr vr avx 
ar r ax + - + - -  + -  - 0  
where 
v = -  ae v = 3 and vx v + v, r ar ax 
-7- 
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Equation (11) i s  a non l inea r  pa r t i a l  d i f f e r e n t i a l  equat ion invo lv ing  
t h e  unknown, + ( r , x , t ) .  I f  vr and v a r e  both s u f f i c i e n t l y  small, t h e  
h ighe r  order  products  of  v v and t h e i r  p a r t i a l  d e r i v a t i v e s  appearing 
i n  Equations (8) and (11) can be ignored. What remains - t h a t  i s ,  r '  
and 
o r  
V 
a t  
r e s p e c t i v e l y ,  d e s c r i b e s  t h e  l i n e a r  behavior  of t h e  f l u i d  p e r t u r b a t i o n s .  
For small f l u i d  p e r t u r b a t i o n s ,  i t  a l s o  fol lows t h a t  
where p denotes t h e  p r e s s u r e  p e r t u r b a t i o n .  I t  i s  convenient t o  a s s ign  
C = -V + - and r e p l a c e  Equation (12) with 1 2 Po 
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To complete t h e  formula t ion  o f  t h e  l i n e a r i z e d  f l u i d  behavior ,  t h e  r a d i a l  
component of  t h e  f l u i d  v e l o c i t y  f o r  a f l u i d  p a r t i c l e  l oca t ed  at t h e  wall 
o f  t h e  c y l i n d e r  is noted t o  be 
as a i  
v r ( a ,x , t )  SJ - +  a t  v - ax 
where 6 ( x , t )  denotes  t h e  r a d i a l  displacement of t h e  f l u i d  p a r t i c l e  
l oca t ed  a t  r = a. However, s i n c e  t h e  f l u i d  a t  t h e  wall of  t h e  c y l i n d e r  
is  p h y s i c a l l y  cons t r a ined  t o  move w i t h  t h e  c y l i n d e r ,  . 
6(x,t)  = w(x, t )  
and t h e  preceding  r e l a t i o n s h i p  i s  replaced by t h e  boundary cond i t ion  
aw aw v ( a ,x , t )  = - + v - ax r a t  
The a x i a l l y  symmetric equat ions  of motion of t h e  s h e l l  based,  f o r  
example, on t h e  s i m p l i f i e d  e l a s t i c  laws of Reference [12] a r e  
where according t o  Flugge s nomenclature 
Eh D r -  l - v  2 and 
Eh3 K E  
1 1 2 ( 1 - v 2 )  
These equa t ions  inc lude  t h e  s h e l l  wall bending r i g i d i t y  i n  a d d i t i o n  to 
t h e  membrane r i g i d i t y .  
Equation (3) t h e  s h e l l  wall bending r i g i d i t y  f o r  harmonic v i b r a t i o n s  of 
t h e  s h e l l  is  no t  s i g n i f i c a n t  un le s s  the  wavelength of  t h e  v i b r a t i o n  is  
q u i t e  s h o r t .  
As shown i n  Reference [8] and i n d i c a t e d  by 
-9- 
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i To summarize t h e  preceding survey of t h e  b a s i c  r e l a t i o n s h i p s  p e r t i n e n t  t o  t h i s  s tudy ,  Equations (13) and (16) d e s c r i b e  t h e  i n d i v i d u a l  
f l u i d  and s h e l l  behaviors ,  r e s p e c t i v e l y .  The behaviors  of t h e  f l u i d  and 
t h e  s h e l l  are in t e rconnec ted  by t h e  f l u i d  p r e s s u r e  generated a t  t h e  
f l u i d / s h e l l  i n t e r f a c e ,  Equation (14),  and t h e  c o m p a t i b i l i t y  of t h e  f l u i d  
and s h e l l  r a d i a l  v e l o c i t y  components a t  t h e  f l u i d / s h e l l  i n t e r f a c e ,  
Equation (15).  
-10- 
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1 -  
SOLUTION FOR PROPAGATING HARMONIC WAVES 
The p r o p e r t i e s  o f  t h e  propagat ing f r e e  harmonic h y d r o e l a s t i c  waves 
are e s t a b l i s h e d  by cons ide r ing  t h e  v e l o c i t y  p o t e n t i a l  of t h e  f l u i d  t o  be 
i(+ x-ut )  i( e x+ut )  
+ B Q 2 ( r ) e  4 ( r , x , t )  = A @,(r )e  
where A and B denote  t h e  a r b i t r a r y  cons t an t s  which are used t o  a s s ign  
t h e  i n t e n s i t i e s  o f  t h e  harmonic wave t r a i n s  propagat ing  t o  t h e  r i g h t  i n  
t h e  d i r e c t i o n  of  V and propagat ing t o  t h e  l e f t  oppos i t e  t o  t h e  d i r e c t i o n  
o f  V,  r e s p e c t i v e l y .  The frequency of  t h e  two wave t r a i n s  i s  denoted by 
u 
d i r e c t e d  waves a r e  denoted by ll and e,, r e s p e c t i y e l y .  The func t ions  
T ( r )  
and t h e  half-wavelengths  o f  t h e  downstream d i r e c t e d  and upstream 
and a 2 ( r ) ,  are determined by t h e  b a s i c  equat ions  of t h e  f l u i d .  
Equation (17) w r i t t e n  i n  terms of  the  phase v e l o c i t i e s  of t h e  two waves is  
where t h e  phase velocit ies and wave numbers are denoted by 
cy &2 
9 v2 = - n 




r e s p e c t i v e l y .  
w i th  propagat ing  waves are considered i n  t h i s  development. 
p r o p e r t i e s  o f  t h e  behavior  are be l ieved  t o  be nonessen t i a l  t o  t h e  problem 
examined and, consequent ly ,  a r e  ignored. 
Only real phase v e l o c i t i e s  and wave numbers c o n s i s t e n t  
Nonpropagating 
The corresponding c h a r a c t e r i s t i c  p r o p e r t i e s  o f  t h e  f l u i d ,  ob ta ined  
by s u b s t i t u t i n g  t h e  p e r t i n e n t  p a r t i a l  d e r i v a t i v e s  of Equation (17) i n t o  
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2 2 +[.' ;*2' + 1 (E) (1 + z) - i(c x+wt) B e  
o r ,  f o r  A # 0 and B # 0, by t h e  o rd ina ry  d i f f e r e n t i a l  equa t ions  
and 
where 
'I 1 I 2 
+2 + p2 + B 2  *2 = 0 
2 2 B 2  2 = (;) (1 +$-) -(er 
Both Equations (19) and (20) are Bessel's d i f f e r e n t i a l  equat ions o f  zero 
o rde r .  Consequently, 
Since both a 1 ( r )  and +2(r) must be f i n i t e  a t  t h e  o r i g i n ,  t h e  Bessel 
funct ions o f  t h e  second kind,  
The modified Bessel func t ions  o f  zero o r d e r  and o f  t h e  f irst  kind f o r  
imaginary arguments, Blr and B2r, are a l s o  p e r t i n e n t  r e p r e s e n t a t i o n s  
Yo( Blr) and Yo( B2r) , are no t  admiss ib l e .  
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2 of t h e  f l u i d  behavior.  The a n a l y t i c a l  forms of  B12 and 6 
i d e n t i c a l .  The e s s e n t i a l  d i f f e r e n c e  between t h e  two r e f l e c t s  t h e  r a t i o s  
o f  t h e  s t e a d y - s t a t e  v e l o c i t y  t o  t h e  phase v e l o c i t i e s  of t h e  waves, 
are n e a r l y  2 
and 
For most p r a c t i c a l  a p p l i c a t i o n s ,  t h e  s t e a d y - s t a t e  v e l o c i t y  is cons iderably  
less than  t h e  phase v e l o c i t y  of t h e  propagat ing wave and, t h e r e f o r e ,  f o r  
L, = e, L 
it fo l lows  t h a t  
.. 
L 8, 2 = B 2  2 =  - B 2 - w  =(J -(;) 
and 
The corresponding p r e s s u r e  of the  f l u i d ,  i n  accordance wi th  
Equat ion (14) is  
The response of t h e  s h e l l  wall t o  t h e  app l i ed  f l u i d  p r e s s u r e s ,  i n  
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N 
w(x, t )  = W1(X7t) + G2(x , t )  
wh r t h e  con 
u ( x , t )  = Z1(x7 t )  + G2(X’t) 
i(< x - u t )  i($ x+ut  ) 
= U, e + U, e 
1 L 
t a n t  W 1 7  W2, U1, and U2 can be  r e a d i l y  d t 
s u b s t i t u t i o n  of Equation ( 2 3 )  i n t o  Equation (16) .  The r a d i a l  
s h e l l  c o n s i s t s  
rmined by t h e  
response o f  t h e  
- -  w, = 3 
L 
‘The corresponding long i tud ina l  response  of t h e  s h e l l  i s  
- 14- 
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u(x,t) = 
Finally, substitution of the pertinent partial. derivatives of 
Equations (17) and (23) into the boundary condition, Equation (15) - that is, 
= - + v -  aw aw 





D .  
2 a 
- L 2 mu 
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Consequently, f o r  A # 0 
and, f o r  B # 0 
Equations (26) and (27) are t h e  c h a r a c t e r i s t i c  equat ions of t h e  downstream 
and t h e  upstream-directed propagat ing waves, r e s p e c t i v e l y ,  and they  
provide the! frequency-wavelength o r  t h e  phase v e l o c i t y  vs  wave number 
r e l a t i o n s h i p s  o f  t h e  two waves. As occurred e a r l i e r  w i t h  Equations (19) 
and (20);the a n a l y t i c a l  forms of f l ( u , l l )  and f 2 ( u , 1 2 )  a r e  a l s o  n e a r l y  
i d e n t i c a l .  The e s s e n t i a l  d i f f e r e n c e  between t h e s e  two a n a l y t i c a l  f u n c t i o n s ,  
as be fo re  with Equations (19) and (20),  depends on t h e  r a t i o s  o f  t h e  
s t e a d y - s t a t e  v e l o c i t y  V t o  t h e  r e s p e c t i v e  phase v e l o c i t i e s ,  v1 and 
and (27) can be obtained from a s i m p l i f i e d  approximation of t h e s e  
equa t ions ,  Equations (26) and (27) w i l l  no t  be examined f u r t h e r .  
N 
N 
Since as much p r a c t i c a l  information as obtained from Equations (26) v 2  * 
For most p r a c t i c a l  a p p l i c a t i o n s ,  t h e  phase v e l o c i t y  of t h e  
propagat ing p r e s s u r e  wave r e f l e c t i n g  e s s e n t i a l l y  t h e  f l u i d  a c o u s t i c  
behavior  is q u i t e  high aild t h e  s t e a d y - s t a t e  flow v e l o c i t y  of  t h e  f l u i d ,  
by c o n t r a s t ,  i s  q u i t e  low. Consequently, t h e  cond i t ions  
- v *  < < I  = q
v, 
L 
d e s c r i b e  a p p r o p r i a t e l y  t h e  phys ica l  s i t u a t  on occur r ing  i n  p r a c t  c a l  
a p p l i c a t i o n s  and t h e  response of t h e  propagat ing waves a r e  e s t a b l i s h e d ,  
with no apprec i ab le  i n a c c u r a c i e s ,  by t h e  s i m p l i f i e d  approximation of  
Equations (26) and (27) 
-16-  
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where 
and 
For t h e  f l u i d  v e l o c i t y  components, 
-17- 
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and, f o r  the s h e l l  wall response,  u s i n g  a l s o  Equation (28) ,  
(; P D) 
2 i w(x, t )  2 
u ( x , t )  = 
D ( % )  - mu 
where 
Io ( a r )  = a I l ( a r ) ,  
F i n a l l y ,  i t  i s  t.o be noted t h a t  t h e  q u o t i e n t  of  Equation (29),  evaluated 
a t  r = a ,  and Equation ( 3 2 )  y i e l d s  
(34) 
‘The term on t h e  r ight-hand s i d e  of Equation (34)  d iv ided  by W’ 
t h e  apparent mass of t h e  f l u i d .  
r e p r e s e n t s  
-18- 
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EXAMINATION OF THE CHARACTERISTIC EQUATION 
Equation (28) d e f i n e s  t h e  freauency-wavelength r e l a t i o n s h i p  o f  t h e  
approximate s t and ing  wave, f r e e  harmonic, behavior  o f  t h e  coupled f l u i d  
and s h e l l  p e r t u r b a t i o n s .  I t  a l s o  e s t a b l i s h e s  t h e  phase v e l o c i t y  vs  wave 
number r e l a t i o n s h i p  approximated t o  be t h e  same f o r  both t h e  downstream 
and t h e  upstream propagat ing waves. 
I t  i s  convenient t o  reduce Equation (28) i n t o  a dimensionless 
equat ion con ta in ing  only 
system. The appropr i a t e  
2 
2 =  wa 
-(TI 
dimensionless  parameters of t h e  f l u i d / s h e l l  
parameters o f  t h e  response are 
and 
2 
K 2  z (F) 
d e s i g n a t i n g  dimensionless frequency and wave number parameters,  r e s -  
p e c t i v e l y .  
a c o u s t i c  v e l o c i t y  is 
The saua re  of t h e  r a t i o  of t h e  phase v e l o c i t y  t o  t h e  f l u i d  
(35) 
The a p p r o p r i a t e  p h y s i c a l  parameters of t h e  f l u i d / s h e l l  system are 
(37) 
and 
where p ,  u and E ref lect  t h e  f l u i d - t o - s h e l l  mass r a t i o ,  t h e  square 
of t h e  r a t i o  of t h e  f l u i d  a c o u s t i c  v e l o c i t y  t o  t h e  s h e l l  e l a s t i c  wave 
v e l o c i t y ,  and t h e  r a t i o  of t h e  s h e l l  wall bending r i g i d i t y  t o  t h e  s h e l l  
wall e x t e n s i o n a l  r i g i d i t y ,  r e s p e c t i v e l y .  One a d d i t i o n a l  parameter,  
s i g n i f i c a n t  t o  t h e  s tudy,  i s  
-19- 
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2' B 2a 
T h i s  parameter, f o r  a l l  p r a c t i c a l  purposes - t h a t  i s ,  f o r  t h e  small 
p r a c t i c a l  values  of Po i s son ' s  r a t i o ,  v - i s  t h e  only term i n  a d d i t i o n  
t o  t h e  acous t i c  v e l o c i t y  governing t h e  phase v e l o c i t y  as  desc r ibed  by 
t h e  one-dimensional water harmer theo ry  ( c f . ,  Equation 1) .  I t  i s  r e a d i l y  
shown t h a t  Equation (28) i n  terms o f  t h e s e  parameters i s  equ iva len t  t o  
t h e  dimensionless equa t ion ,  
where 
Before going i n t o  t h e  general  s o l u t i o n  o f  Equation (39),  it i s  use fu l  
t o  draw a t t e n t i o n  t o  t h e  s e v e r a l  q u a l i t a t i v e  f e a t u r e s  of t h e  f l u i d / s h e l l  
behavior  t h a t  are immediately appa ren t .  For example, it i s  apparent  i n  
Equation (39) t h a t  tlic coupl ing between t h e  f l u i d  and t h e  s h e l l  depends 
on t h e  value o f  t h e  mass parameter,  p .  I f  p i s  l a r g e ,  as it normally 
i s  f o r  a l i q u i d  and a th in -wa l l ed  s h e l l ,  t h e  f l u i d i s h e l l  coupl ing i s  
l a r g e .  I f  w i s  sma l l ,  as it i s  f o r  a l i q u i d  and a th i ck -wa l l ed  s h e l l ,  
t h e  f l u i d / s h e l l  coupl ing i s  sma l l ,  and i f  p i s  zero,  Equation (39) 
p e r t a i n s  t o  t h e  s h e l l  without t h e  f l u i d .  Moreover, bv r e w r i t i n g  
Equation (39) t o  r ead  
I t  i s  apparent t h a t  t h e  f l u i d / s h e l l  i n t e r a c t i o n  e x h i b i t e d  by t h e  terms 
i n  t h e  parentheses  involves  only t h e  s h e l l  r a d i a l  behav ic r  i n t e r a c t i n g  
with t h e  f l u i d  behavior .  
by t h e  response 
Regardless of t h e  n a t u r e  of t h e  f l u i d  p r e s s u r e s  
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or 
-1 2 1 
2 U 
A 2  N 2 - = ( g )  = - = (2) (1-"2) 
K 
does n o t  i n t e r a c t  d i r e c t l y  with t h e  f l u i d  bu t  i s  coupled t o  t h e  r e s t  of 
t h e  system by t h e  s h e l l  wall ex tens iona l  e f f e c t s  a t t r i b u t a b l e  t o  t h e  
Po i s son ' s  r a t i o ,  v. This  coupl ing,  f o r  most p r a c t i c a l  s h e l l s ,  i s  a weak 
and t h e r e f o r e  i s  s i g n i f i c a n t  only f o r  t hose  values  of f r equenc ie s  and 
wavelengths s a t i s f y i n g  s imultaneously t h e  two equat ions 
and 
Furthermore, for t h e  v a l u e s  of f requencies  and wavelengths where t h i s  is  
no t  t r u e ,  Equations (40) and (41) taken t o g e t h e r  r e p r e s e n t  a fa i r  
approximation o f  Equation (39) .  
F i n a l l y ,  as suggested by Equations (34) and (40), t h e  n a t u r e  of t h e  
p r e s s u r e s  e x h i b i t e d  i n  t h e  f l u i d  is  e i t h e r  subsonic  o r  supe r son ic  
depending on whether o r  no t  
A2 - 2 
- = ( : ) <  2 1 
K 
2 On t h e  one hand, f o r  
p ropaga t ing  waves are less than t h e  f l u i d  a c o u s t i c  v e l o c i t y .  
by both t h e  s i g n  and t h e  diminishing i n t e n s i t y  of t h e  s h e l l  wall loading 
term, 
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The p res su res  gene a t e d  i n  t h e  f l u i d  a r e  subsonic i n  n a t u r e .  
o t h e r  hand, f o r  X ? K , t h e  phase v e l o c i t i e s  of t h e  h y d r o e l a s t i c  
propagating waves are g r e a t e r  t han  t h e  f l u i d  acoust. ic v e l o c i t y .  
suggested by both t h e  s i g n  and t h e  changing i n t e n s i t y  of t h e  s h e l l  wall 
loading term, 
On t h e  5 2  
A s  
The p res su res  generated i n  t h e  f l u i d  are supersonic  i n  n a t u r e  and e x h i b i t  
complicated p a t t e r n s  i n  t h e  f l u i d  caused by t h e  mutual i n t e r f e r e n c e  of 
t h e  generated a c o u s t i c  waves. Ac tua l ly ,  t h e  s t e a d y - s t a t e  flow v e l o c i t y  
con t r ibu te s  t o  t h e  v e l o c i t y  r e l a t i v e  t o  t h e  f l u i d  of t h e  h y d r o e l a s t i c  
propagating wave and, as shown by Equations (19) and ( 2 0 ) ,  should be 
included.  However, f o r  small V ,  t h e  s o n i c  cond i t ions  f o r  t h e  two waves 
a r e  near ly  a l ike  and a r e  s o  t r e a t e d .  
of t h e  propagating waves having subsonic  and supe r son ic  phase v e l o c i t i e s  
i s  depicted i n  Figure 2 .  
The s h e l l  wal l  loading c h a r a c t e r i s t i c  
Equation (39) i s  so lved  i n  two p a r t s .  The f irst  p a r t  e s t a b l i s h e s  
t h e  p r o p e r t i e s  of t h e  propagat ing waves having phase v e l o c i t i e s  less than  
t h e  acous t i c  v e l o c i t y .  
having phase v e l o c i t i e s  g r e a t e r  t han  t h e  a c o u s t i c  v e l o c i t y .  
The second p a r t  d e a l s  with t h e  propagat ing waves 
The -- Prope r t i e s  of t h e  Propagating Waves Having Subsonic Phase V e l o c i t i e s ,  
2 A *  5 K 
Equation (39),  f o r  waves of subs0ni.c phase v e l o c i t i e s ,  i s  
2 2  
= o  2 2 E K 4  + 1 - u h  
K -Uh 
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I t  i s  convenient t o  introduce a change o f  v a r i a b l e s  - t h a t  is 
T 2 = K  2 2  - A  2 0 ,  h 2 = K  2 - 7  2
Expressed i n  terms of t h e  new v a r i a b l e ,  Equation (42), with a d d i t i o n a l  
a l g e b r a i c  manipulation, i s  r e a d i l y  shown t o  be equ iva len t  t o  
Q1(q2)’ = y(7),2) 
where 
(43) 
Since  bo th  J11(q2) and Y(V2)  are e a s i l y  c a l c u l a t e d ,  f o r  p r e s c r i b e d  
va lues  o f  K ~ ,  Equation (43) as depicted i n  Figure 3, may be solved 
g r a p h i c a l l y  f o r  t h e  corresponding values  o f  p 2  s a t i s f y i n g  t h e  i d e n t i t y .  
Both e,(?2) behave monotonically with r e s p e c t  t o  7)  2 . Near 
t h e  o r i g i n ,  Q accordance with t h e  series.  
1 4  
1 1 1 12)$ - . . . (44) r )  2 - - ( ! + &  1 + - f - + - + -  %b2) = qT 4 P  4 a p  1 2  
2’” EL. 
For l a r g e  v a l u e s  o f  7)  2 , Q1( 7)  ’) behaves i n  accordance with 
-23- 
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2 and, regardless of the value of q 2 ,  the value of $l(q ) never exceeds 
one. 
nevertheless also easily managed. As shown in Figure 3, the descriptive 
features of Y ( q 2 )  include, for Y ( q o 2 )  = 0, 
The function Y ( q 2 ) ,  on the other hand, is more complicated but 
and 
2 For Y(q ) = m, 
P 
and, for the Y-axis intercept, 
2 (' 0- - l)K 
Y(0) = 2 € 4  K + 1 - ) -  (:)
0- 
It is apparent in Figure 3 that the general nature of the 
Equation (43) depends on the value of the parameter 
. 
llution of 
which normally, for practical shells and fluids, is always greater than 
one. In this case, Equation (43) yields only one set of values of 
q 2  for the corresponding set of  values of K . On the otherhand, for 
1 2 - < 1, it is apparent that Equation (43) yields two sets of values of r )  . 
Fonsequently, no more than two solutions reflecting the frequency wave- 
length properties of two modes of behavior are admitted by Equation (43) .  
However, due to the fact that normally, - > 1, Equation (43) ,  for most 
practical applications, admits only one. An approximate analytical 
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For the wave behavior of wavelengths longer than the transition 
wavelengths (cf., Equation-3), the bending rigidity term, 
E: K', in Equation (43) can be ignored and Equation (43) can be algebraically 
manipulated to yield 
K This equation represents a quadratic equatinn involving the unknown, - 
Its solution is T 2  
l-(;-I)(l+%)+" 2 $1 2 2  
r ) u  r)u 2 
2(; - 1) 
where it is important to note that 
2 Only, the positive values of K' for 7 >- 0 are significant, physically. 
Consequently, for the practical case where - > 1, the negative sign of 
the radical expression of Equation (45) is to be ignored. Equation (45) 
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This relationship, in turn, yields 
K2 = f(q2) *(q2) (46) 
2 
r]  . That is, a pair of parametric equations having the parameter, 
Equation (46)  describes the frequency-wavelength relationship of the low 
frequency mode for the wave behavior of wavelengths longer than the 
transition wavelength. 
For the wave behavior characterized by wavelengths equal to and 
shorter than the &ransition wavelength (c.f., Equation (3)), the bending 
rigidity term, EK , appearing in Equation(43) must be retained. It is 
suggested by the preceding examination of Equation (43) that the first 
branch solution for large values of  K~ is 
Substitution of the corresponding approximations, 
2 2  2 
aa = K and Ux - K  Z - K  
into Equation (42) yields 
or, after substituting Equations (35) and (37) 
SPACE and INFORMATION SYSTEMS DIVISION @ N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  
Equation (47), an approximation for the wave behavior of very short wave- 
lengths, is recognized to reflect shell wall radial behavior modified by 
the apparent mass of the fluid. As 
mass of the fluid diminishes and, consistent with the theory of subsonic 
hydrodynamics, only the fluid immediately localized to the shell wall 
interacts with it. The development of Equations (43), (45),(46) and 
(47) should conclude the examination of Equation (42). However, one more 
task remains. 
K -. 0 0 ,  the intensity of the apparent 
It is important to show that the first branch solution for wave 
behavior of only very long wavelengths or very small wave numbers tends 
to agree with the solution described by the one-dimensional water hammer 
theory and that only in the limiting case for 1- m or K - 0, do 
the two theories for negligible effects of Poisson's ratio, yield the 
same result. This can be accomplished by reducing Equation (43) for 
2 q2 -. 0 and K -. 0. However, since for K *  - 0 the bending rigidity 
term w4 
equivalent to 
is not significant, this can also be accomplished using 
A:--- / A t - \  - - A  mL- 4 i -  .--A-- LLn - - d < m - l  md2 Cn..n+;nm f A C \  is 
"I"'c"" L EqiiaLLwia CvJj  a11u \-tu). 111b L U A n a n  -..ubL c a l c I  zuuauyz 
For practical shells having small Poisson's ratio effects and practical 
liquids, the value of the second group of terms is several times smaller 
than the value of the first group of terms. 
expression of Equation (45) can be approximated by 
Consequently, the radical 
It follows, in accordance with Equation (45), that 
-27- 
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Substitution of Equation (48) into Equation (46) 
2 Equations (48) and (49) are a pair of paramet ic equations, expressing approximately the first branch function of X 
These equations which are easier to work with may be used in place of  
Equations (45) and (46). The quotient, dividing Equation (49) by 
Equation (48), is, approximately, 
5 in terms of the parameter q . 
$1 
$1 
1 2 V 2 1 - -  0 
U 
7 u  
1.+ - 2 1 +(;- I)(, + $ )  rlu j 
va I A2 ,N 2 -  K 
Finally, it follows from Equation (44) that 
SID 67-212-1 
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2 Therefore, for v = 0, 
1 1 
N -
B 2a 1 + 2 p c T  l + E T  
It is apparent that Equation (50) agrees with Equation (1). 
agreement occurs only in the limiting case where K~ - 0 and for v 2  0 .  However, this 
The Properties of the Propagating Waves Having Supersonic Phase Velocities 
2 2 
Z K  
Equation ( 3 9 ) ,  for waves of  supersonic phase velocities is 
where 
Again, it is convenient to introduce a change of  variables - that is, 
Expressed in terms of the new variable, Equation (51) with additional 




Equation (52)  cannot be  so lved  a n a l y t i c a l l y .  Moreover, due t o  t h e  f ac t  
t h a t  $, (c2 ) e x h i b i t s  s i n g u l a r i t i e s  , t h e  approximate a n a l y t i c a l  procedures  
used i n  t h e  preceding s e c t i o n  are  u s e l e s s .  
be successfu l  i s  a graphic  one. 
The only  procedure l i k e l y  t o  
Equation (52) can be rear ranged  t o  d e s c r i b e  t h e  i d e n t i t y ,  
where 2 
2 
K -  G -  = 
(1 + $)(s + 8)
t 2  (++ (1 + & ) %  2 2 
5 u- 1 
Since  i n  the  high frequency regime o f  supe r son ic  phase v e l o c i t i e s  t h e  
bending r i g i d i t y  term, EK', i s  n e g l i g i b l e ,  it i s  ignored i n  Equation (53).  
The purpose of Equation (53) i s  t o  e s t a b l i s h  t h e  r e l a t i o n s h i p  between t h e  
argument of  t h e  term on t h e  r i g h t  s i d e ,  ~ ~ / 5 ~ ,  and t h e argument of t h e  
term on the l e f t -hand  s i d e ,  C 2 ,  s a t i s f y ' n g  t h e  i d e n t i t y .  Having 
e s t ab l i shed  t h i s  r e l a t i o n s h i p  - say ,  g(l; ) - t h e  two r e l a t i o n s h i p s  2 
SPACE and INFORMATION S Y S T E S l S  DI\'ISION i NORTH A M E R I C A N  A V I A T I O N ,  I N C .  , 
1 $ 2 ( 5 2 )  = (5) 2 
52U 5 
(53) 
and (54 1 
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are r e a d i l y  c a l c u l a t e d .  Equat'on (54) provides a p a i r  o f  pa rame t r i c  
equa t ions  of t h e  parameter,  5 , t h a t  desc r ibe  t h e  frequency-wavelength 
r e l a t i o n s h i p  of t h e  high frequency modes of  behavior .  
3 
The term on t h e  l e f t -hand  s i d e  o f  Equation ( 5 3 )  i s  r e a d i l y  evaluated f o r  
s e l e c t e d  va lues  of u and p .  I t s  a n a l y t i c a l  behavior  nea r  t h e  o r i g i n  i s  
- 1 $ 2 ( t 2 )  = 2 w  1 1 '  1 1 2  - - ( - + - + -  8pu 1 1  12 2 p  1 l2)C4 - . . . t2v 
The o t h e r  p e r t i n e n t  a n a l y t i c a l  f e a t u r e s  inc lude  (1) t h e  i n f i n i t e  number of 
zeros  e s t a b l i s h e d  by 
That i s ,  
(to2In = 14.69, 49.1, 103.4, 177.0, 
and (2)  t h e  i n f i n i t e  number of s i n g u l a r i t i e s  e s t a b l i s h e d  by 
These f e a t u r e s ,  t y p i c a l  of t h e  term on t h e  l e f t -hand  s i d e  of Equation ( 5 3 ) ,  
are d e p i c t e d  i n  Figure 4.  
The term on t h e  r ight-hand s i d e  of Equatlon (53) i s  a l s o  r e a d i l y  
eva lua ted  f o r  s e l e c t e d  values  of cr and v . The p e r t i n e n t  d e s c r i p t i v e  
f e a t u r e s  of  G i nc lude ,  f o r  t h e  G-axis i n t e r c e p t ,  
G(0) = 1 
f o r  G = 0, t h e  z e r o s ,  
-31- 
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($ )o=  - 1 
For G = m, t h e  s i n g u l a r i t y  
U 
2 ( $ =  1 - u -  v 
U 
($)o = T u  
and, f o r  the l o c a t i o n s  of t h e  zero s lope  of G ,  
u+ v p -  (1- v 2 ) 
2 1 - u  
- 
2 
K ( ')zero s l o p e  1 -  u - v  
Other p a r t i c u l a r  s lopes  of G a r e  
I 1 
2 G (-1) = 1 - v  
1 2 
G (0) = 1 - -  V 
U 
The f e a t u r e s  t y p i c a l  of 
a r e  depicted i n  Figure 
appear t o  t h e  r i g h t  of 
t h e  s i n u l a r i t y  of G w 
smooth unbroken curve t 
G ,  as w i l l  be demonstra 
t h e  term on tQe r ight-hand s i d e  of Equation (53) 
5. 
t h e  o r i g i n  as shown i n  Figure 5.  
fill appear t o  t h e  l e f t  of t h e  o r i g i n ,  l eav ing  a 
o t h e  r i g h t .  The p o s i t i o n  of t h e  s i n g u l a r i t y  o f  
. ted s h o r t l y ,  has no real  p h y s i c a l  s i g n i f i c a n c e .  
I f .  ( t~ + v ) < 1, t h e  s i n g u l a r i t y  o f  G 2 w i l l  
If ( u -t v ) > 1, 
Once the terms on both s i d e s  of Equation (53) a r e  eva lua ted ,  t h e  
r e l a t i o n s h i p  
7 
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i n s t rumen ta l  t o  t h e  s o l u t i o n  i s  r e a d i l y  determined. 
of branches of t h i s  r e l a t i o n s h i p  are generated.  The p o i n t  by p o i n t  
mapping of t h i s  r e l a t i o n s h i p ,  f o r  t h e  var ious branches,  i s  dep ic t ed  
i n  Figure 6.  
t h e  f irst  branch o f  g(c2! is generated.  Although t h e  mapping shown 
i n  t h i s  f i g u r e  sugges t s  g raph ic  cons t ruc t ion ,  it i s  n o t  intended t h a t  
g raph ic  c o n s t r u c t i o n  be used. 
An i n f i n i t e  number 
The arrows nd t h e  consecut ively numbered p o i n t s  show how 
The primary purpose o f  Figure 6 i s  t o  
d e p i c t  t h e  n a t u r e  of t h e  one-to-one 
Equation (53),  f o r  each branch of g 
ondence r e f l e c t e d  by 
For example, i t  i s  apparent  i n  Figure 6 t h a t  t h e  s i n g u l a r i t i e s  of t h e  
terms on both s i d e s  of Equation (53),  f o r  i n s t a n c e ,  denoted by p o i n t s  
(3)  and (4) do no t  r e p r e s e n t  s i n g u l a r i t i e s  o f  t h e  mapped f u n c t i o n ,  
On t h e  o t h e r  hand, t h e  s i n g u l a r i t i e s  of ( +,/S2cr ), denoted approximately 
by t h e  g o i n t s  (6) and (16) i n  Figure 6,  map as t h e  v e r t i c a l  asymptotes 
of g(5 ) ~ These v e r t i c a l  asymptotes, def ined by t h e  equat ion 
shown i n  Figure- 7, appear i n  t h e  
g(S2) .  
62 = Y , and in by Eq.;atiax I C 7 \  \-" J 3 in +..- C U I l l ,  as 
%P 2 
A , tc2 - p lane  as t h e  s t r a i g h t  l i n e s .  
n = 1 , 2 , 3  . . . 
Addi t iona l  r e l a t i o n s h i p s  between t h e  branches of 
o f  A 2  ( i c 2 )  i nc lude  t h e  s o l u t i o n  designated by p o i n t  (10). 
each supe r son ic  branch inc ludes  such a po in t  de f ined  by 
g( g 2 )  and t h e  branches 
For cr < 1, 
where, de f ined  by Equation (56) 
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Furthermore, t h e  zeros  of g(['), f o r  i n s t a n c e ,  denoted by po in t  (7) 
i n  Figure 6 ,  are t h e  
t h e  s l o p e  a t  t h e  o r i g i n  o f  t h e  f i r s t  supersonic  branch of > [ z 2 )  i s  
r e l a t e d  t o  t h e  g -ax i s  i n t e r c e p t  - denoted by Point  (1) i n  Figure 6 - i n  
accord an c e w i t h 
2 - a x i s  i n t e r c e p t s  of t h e  va r ious  branc F i n a l l y ,  
1 + A ( l  - C> 
cr t A(1 - CT) 
- 
provided g(0) e x i s t s .  In  most p r a c t i c a l  a g p l j c a t i o n s ,  cr < 1 and, 
t h e r e f o r e ,  t h e  f i r s t  supersonic  branch of X (K ) passes  through t h e  
o r i g i n  and posses ses  t h e  s l o p e  a t  t h e  o r i g i n  s l i g h t l y  l e s s  t han  
1 
Equation ( 5 3 )  and t h e  subsequent d i scuss ion  concludes t h e  examination of 
Equation (51). 
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CALCULATED RESPONSE PROPERTIES TYPICAL OF THE FEED LINES 
OF ROCKET PROPELLANT SYSTEMS 
The c a l c u l a t i o n  o f  t h e  frequency-wavelength curves o r  t h e  phase- 
v e l o c i t y  vs wavenumber curves i s  s t r a igh t fo rward .  E i t h e r  Equation (43) 
o r  Equations (45),  (46) and (47) o r  Equations (48) ,  (49) , and (47) d e f i n e  
t h e  branches f o r  t h e  propagat ing waves t h a t  are  c h a r a c t e r i z e d  by subsonic  
phase v e l o c i t i e s .  Equation (53) , i n  conjunct ion with Equation (54) , 
d e f i n e s  t h e  branches f o r  t h e  propagating waves t h a t  a r e  c h a r a c t e r i z e d  by 
supe r son ic  phase v e l o c i t i e s .  F i n a l l y ,  Equations (29) through (34) 
e s t a b l i s h  t h e  corresponding modal response of  t h e  f l u i d  and t h e  s h e l l .  
These c a l c u l a t i o n s  may be adapted t o  the  d i g i t a l  computer but  t hey  are 
performed j u s t  as e a s i l y  on t h e  hand c a l c u l a t o r .  
nrn p o c n e  c a d b a y  +.-; ,,,,tal of  t h e  b e h a v i ~ r  of  t h e  p r o p e l l a n t  iii *L- C I I G I C G U  =.-.A 
l i n e s  o f  rocke t  p r o p e l l a n t  systems, have been c a l c u l a t e d  and are reviewed 
below. 
and f e e d  l i n e  materials are summarized i n  Table I .  
f o r  a given r a t i o  of wall t h i c k n e s s  t o  c y l i n d e r  r a d i u s ,  v a r i e s  cons ide rab ly  
depending on t h e  p r o p e l l a n t  and t h e  feed l i n e  material .  
parameter cy  for a given p r o p e l l a n t  remains e s s e n t i a l l y  cons t an t  f o r  t h e  
v a r i o u s  f e e d  l i n e  m a t e r i a l s  reviewed. The two c a s e s  s e l e c t e d  f o r  examination 
are  
The p h y s i c a l  parameters r e p r e s e n t a t i v e  o f  c u r r e n t  rocket  p r o p e l l a n t s  
The parameter,  F ,  
However, t h e  
1)  LOX/7075-T6 
c =  
P0g = 
- -   h a 
2 v =  
P =  
U =  
B =  
4,420 f t /sec 




300,000 l b s / i n  2 
2) LH2/7075-T6 
c = 17,730 f t / s e c  
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3 
= 0.00256 l b s / i n  0g 
- 2  - = 10 h a 
V = 0.1089 
P = 2.54 
U = 0.92f i  
B = 300,000 l b s / i n  2 
The preceding cases  are s e l e c t e d  as r e p r e s e n t a t i v e  of c u r r e n t  r o c k e t  
p r o p e l l a n t  systems. Since t h e  parameter- CT does not  vary s i g n i f i c a n t l y  
f o r  t he  var ious f eed  l i n e  materials--aluminum, s t e e l  and t i t an ium-- the  
average value of CT f o r  t h e s e  m a t e r i a l s  i s  used. Po i s son ' s  r a t i o n  v, 
a l s o  v a r i e s  bu t  a few pe rcen t  from material t o  m a t e r i a l .  The s h e l l  wall 
bending r i g i d i t y  r e f l e c t e d  by t h e  parameter ,  E, i s  important only when 
t h e  wavelength of t h e  response becomes a s  s h o r t  as t h e  t r a n s i t i o n  wave- 
length ( c f . ,  Equation ( 3 ) ) .  Consequently, t h e  only parameter t h a t  can 
a l t e r  t h e  response t o  any apprec iab le  e x t e n t  i s  t h e  mass parameter,  p .  
The values  of p s e l e c t e d  f o r  t h e  c a l c u l a t e d  c a s e s  are be l i eved  t o  be 
r e p r e s e n t a t i v e  of t h e  l a r g e s t  and t h e  s m a l l e s t  v a l u e s  o f  p r a c t i c a l  
i n t e r e s t .  
The lower branch of t h e  frequency-wavelength r e l a t i o n s h i p  c h a r a c t e r i z e d  
by phase v e l o c i t i e s  s m a l l e r  t han  t h e  a c o u s t i c  v e l o c i t y  was c a l c u l a t e d  
us ing  (a) Equations (43), (b) Equations (451, (46) and (47), and (c) 
Equations (48), (49), and (47).  The t r a n s i t i o n  wave number, f o r  
( c f . ,  Equation ( 3 ) ) .  The c a l c u l a t e d  r e s u l t s  f o r  t h e  two cases  a r e  p re sen ted  
i n  Figures 8 and 9 .  The g raph ica l  pro edure based on Equation (43), d i d  
no t  work well ,  due t o  t h e  f a c t  t h a t  7 
and X = K - 'I . The s o l u t i o n  q2  cannot be generated p r e c i s e l y  
enough g raph ica l ly  f o r  a meaningful d i f f e r e n c e ,  
resolved.  The a l t e r n a t e  procedures ,  based on numerical  c a l c u l a t i o n s ,  
y i e lded  much b e t t e r  r e s u l t s .  The c a l c u l a t i o n s ,  made t o  compare Equations 
(45) and (48),  revealed e s s e n t i a l l y  t h e  same numerical r e s u l t .  
5 = K' over  most of t h e  s o l u t i o n  
2 2 2 
2 2 
K - 7 = X 2 ,  t o  be 
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The r e s u l t s  dep ic t ed  i n  Figures  8 and 9 a r e  based on Equations (48) 
and (49).  As i n d i c a t e d  by Equation (50), t h e  va lue  of t h e  curves a t  
K~ = 0, shown i n  Figure 9 ,  a r e  i d e n t i c a l  t o  t h e  r e s u l t  given by t h e  one- 
dimensional water hammer theo ry .  I t  i s  apparent  t h a t ,  f o r  non-zero wave 
numbers, t h e  phase v e l o c i t y  does no t  remain cons t an t  as suggested by t h e  
water  hammer theo ry  b u t  dec reases  i n  magnitude as t h e  wave number i n c r e a s e s  
In  most p r a c t i c a l  a p p l i c a t i o n s ,  t h e  primary concern i s  f o r  t h e  wave 
behavior  of long wavelengths and, i n  such cases ,  t h e  water hammer theo ry  
i s  a p p l i c a b l e .  
The h i g h e r  branches of t h e  frequency-wavelength r e l a t i o n s h i p  
c h a r a c t e r i z e d  by phase v e l o c i t i e s  l a r g e r  t han  t h e  a c o u s t i c  v e l o c i t y  were 
c a l c u l a t e d  us ing  t h e  g raph ica l  procedure o f  Equation (53).  The p e r t i n e n t  
a u x i l i a r y  curves of Equation (53) f o r  t h e  two cases a r e  p re sen ted  i n  
F igu res  10, 11, 12 and 13. The g raph ica l  s o l u t i o n  of t h e  supplementary 
equa t ion ,  Equation (57),  i s  p re sen ted  i n  Figure 14. The f i n a l  r e s u l t s  f o r  
t h e  two cases are p resen ted  i n  Figures  15 and 16. 
maintaining F r e c i s i o n  was encountered i:: this graphical  solution. 
No d i f f i c u l t y  i n  
The r e s u l t s  dep ic t ed  i n  Figures  15 and 16 inc lude  t h e  response 
p r o p e r t i e s  o f  t h e  low frequency mode of behavior  as well as t h e  response 
p r o p e r t i e s  o f  .the high frequency a c o u s t i c  modes of behavior .  
15b and 16b also show t h e  response p r o p e r t i e s  of t h e  decoupled s h e l l  
l o n g i t u d i n a l  behavior  and t h e  decoupled s h e l l  r a d i a l  behavior.  
with t h e  conclusion e s t a b l i s h e d  i n  References 8 and 9 ,  apprec i ab le  s h e l l  
wall bending effects,  d i s c l o s e d  by t h e  cu rva tu re  o f  t h e  lower branch away 
from t h e  
Furthermore, due t o  t h e  l a r g e  va lue  o f  p coupl ing t h e  f l u i d  and t h e  she 
wall r a d i a l  behavior ,  the p r o p e r t i e s  of t h e  coupled response dep ic t ed  i n  
Figure 15b are nowhere c l o s e  t o  t h e  p r o p e r t i e s  of t h e  decoupled s h e l l  r ad  
behavior .  For t h e  case  dep ic t ed  i n  Figure 16b, where p i s  cons ide rab ly  
l e s s ,  t h e  p r o p e r t i e s  of t h e  coupled response tend t o  be much c l o s e r  t o  
t h e  p r o p e r t i e s  o f  t h e  decoupled s h e l l  behavior .  F i n a l l y ,  t h e  coupl ing 
r e f l e c t e d  by Po i s son ' s  r a t i o ,  v, i s  weak as d i s c l o s e d  i n  Figures  15b and 
F igures  
Cons i s t en t  
K - ax i s ,  are no t  apparent  f o r  t h e  wavelengths considered.  
1 
a1 
16b by how well t h e  h i g h e r  branches o f  t h e  coupled response d u p l i c a t e  t h e  
response curve o f  t h e  uncoupled s h e l l  l o n g i t u d i n a l  behavior .  The d i agona l ly  
d i r e c t e d  p o r t i o n s  of t h e  h i g h e r  -ranch response curves f o r  t h e  coupled 
behav io r  re f lec t  not  t h e  i n t e r a c t i o n  between t h e  f l u i d  and t h e  s h e l l  -. 
l o n g i t u d i n a l  behavior  bu t  t h e  i n t e r a c t i o n  between t h e  f l u i d  a c o u s t i c  behavior  
and t h e  s h e l l  r a d i a l  behavior.  
branch and t h e  d i agona l ly  d i r e c t e d  p o r t i o n s  of t h e  h ighe r  branches are 
p r e s e n t e d  i n  Figure 17. 
Typical modal p r o p e r t i e s  of t h e  f irst  
-37- 
SID 67-212-1 
N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 
CONCLUDING REMARKS AND RECOMMENDATIONS 
The work completed and presented i n  t h i s  r e p o r t  shows t h a t  t h e  
coupled response p r o p e r t i e s  o f  t h e  h y d r o e l a s t i c  propagat ing waves of a 
f l u i d - f i l l e d  c y l i n d r i c a l  s h e l l  r e f l e c t  (1) s t r o n g  d i r e c t  coupl ing,  depending 
on t h e  parameter p,  between t h e  f l u i d  and t h e  r a d i a l  behavior  of t h e  
s h e l l  and ( 2 )  weak i n d i r e c t  coupling, depending on t h e  parameter,  v, between 
t h e  f l u i d  and t h e  l o n g i t u d i n a l  behavior of t h e  s h e l l .  
p r o p e r t i e s ,  f o r  most p r a c t i c a l  purposes, r e f l e c t  coupled f l u i d  and s h e l l  
r a d i a l  behavior .  For t h e  coupled f l u i d / s h e l l  modes o f  behavior ,  t h e  
n a t u r e  of t h e  p r e s s u r e s  generated i n  the.  f l u i d  depends on whether o r  no t  
t h e  h y d r o e l a s t i c  wave v e l o c i t y  i s  g r e a t e r  o r  l e s s  t han  t h e  a c o u s t i c  v e l o c i t y .  
On t h e  one hand, t h e  f l u i d  behaves supe r son ica l ly  whereas, on t h e  o t h e r  
hand, t h e  f l u i d  behaves subson ica l ly .  A s  shown i n  Figures  15 and 16, t h e  
modal f r equenc ie s  of t h e  subsonic branch a r e  well s epa ra t ed  from t h e  modal 
f r equenc ie s  o f  t h e  supersonic  branches. 
The response 
’rhe low frequency h y d r o e i a s t i c  behavior  c h a r a c t e r i z e d  by s u b w r l i c  
phase v e l o c i t i e s ,  f o r  very long wavelengths r e l a t i v e  t o  t h e  r a d i u s  of t h e  
c y l i n d e r ,  i s  e s s e n t i a l l y  i d e n t i c a l  t o  t h e  behavior  r ep resen ted  by t h e  one- 
dimensional water hammer theo ry .  As shown i n  Figure 17a, t h e  c r o s s -  
s e c t i o n a l  d i s t r i b u t i o n s  o f  both t h e  p re s su re  and t h e  l o n g i t u d i n a l  v e l o c i t y  
p e r t u r b a t i o n s ,  f o r  t h i s  case, a r e  e s s e n t i a l l y  uniform. The corresponding 
r a d i a l  d i s t r i b u t i o n  of t h e  r a d i a l  component o f  t h e  f l u i d  v e l o c i t y  
p e r t u r b a t i o n  is e s s e n t i a l l y  a l i n e a r  f u n c t i o n  of t h e  r a d i u s ,  being zero 
a t  t h e  c y l i n d e r  a x i s  and equal  t o  the r a d i a l  v e l o c i t y  o f  t h e  s h e l l  wall 
a t  t h e  s h e l l  wall. 
The low frequency h y d r o e l a s t i c  behavior  c h a r a c t e r i z e d  by subsonic  
phase v e l o c i t i e s ,  f o r  s h o r t  wavelengths r e l a t i v e  t o  t h e  r a d i u s  o f  t h e  
c y l i n d e r  i s  p r i m a r i l y  t h e  response of j u s t  t h e  s h e l l  wall, having only t h e  
f l u i d  immediately ad jacen t  t o  t h e  s h e l l  wall responding with i t .  
behavior  i s  governed by t h e  phys ica l  p r o p e r t i e s  o f  t h e  s h e l l  and t h e  
apparent  mass of t h e  f l u i d  i n  t h e  proximity of t h e  wall. 
s u r e s  a t  t h e  s h e l l  wall act  oppos i t e  t o  t h e  s t r u c t u r a l  r e s i s t a n c e  o f  t h e  
s h e l l .  For exceedingly s h o r t  wavelengths, t h e  s h e l l  wall i n t e r a c t i o n  with 
t h e  f l u i d  does no t  p e n e t r a t e  i n t o  the f l u i d  a t  a l l .  
This  
The f l u i d  p r e s -  
The high frequency h y d r o e l a s t i c  behavior  c h a r a c t e r i z e d  by supe r son ic  
phase v e l o c i t i e s  i nvo lves  t h e  multi-mode a c o u s t i c  v i b r a t i o n s  o f  t h e  f l u i d  
coupled with t h e  r a d i a l  behavior  o f  t h e  s h e l l  wall. 
and 17c, l a r g e  p r e s s u r e  and long i tud ina l  v e l o c i t y  p e r t u r b a t i o n s  generated 
by t h e  reinforcement o f  t h e  a c o u s t i c  waves r e f l e c t e d  from t h e  s h e l l  wall 
occur  along t h e  a x i s  o f  t h e  cy l inde r .  Due t o  t h e  i n t e r f e r e n c e  o f  t h e  
a c o u s t i c  waves, regimes of no p res su re  and v e l o c i t y  p e r t u r b a t i o n s  o r ,  
s t a t e d  d i f f e r e n t l y ,  nodes of t h e  response,  occur  i n  t h e  f l u i d .  
wall ,  t h e  f l u i d  p r e s s u r e s  act i n  phase with t h e  s t r u c t u r a l  r e s i s t a n c e  o f  
t h e  c y l i n d e r .  
A s  shown i n  Figures  17b 
A t  t h e  s h e l l  
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In view of t h e  response t o  e x c i t a t i o n ,  t h e  h y d r o e l a s t i c  waves of  low 
frequency and long wavelength are o f  primary concern.  I t  i s  l i k e l y  t h a t  
t h i s  response i s  e a s i l y  e x c i t e d  and i s  very l i g h t l y  damped. 
l eng ths  approximately longer  than  t h e  d iameter  o f  t h e  s h e l l ,  t h e  behavior  
can be  represented  by t h e  one-dimensional water hammer theory  without 
in t roducing  any apprec iab le  e r r o r s .  
low frequency behavior  and t h e  high frequency a c o u s t i c  behavior  are  
e x c i t e d .  However, without  p e r s i s t e n t  h igh  frequency e x c i t a t i o n ,  t h e  
a c o u s t i c  modes o f  behavior  w i l l  damp out  l eav ing  j u s t  t h e  low frequency 
quas i -p lane  wave response .  
For wave- 
For impact t ype  e x c i t a t i o n  both t h e  
Since work on t h e  p re sen t  c o n t r a c t  s t a r t e d  i n  1955, t h e  fo l lowing  
t h r e e  problems o f  p r e s s u r e  wave propagat ion i n  f u e l  l i n e s  have been 
so lved:  
1. 
2 .  
3 .  
One-dimensional unsteady f l u i d  motion i n  an e l a s t i c  p i p e  was 
solved with va r ious  d i s tu rbance  func t ions  a t  t h e  pump end. 
This formula t ion  does no t  a l low cons ide ra t ion  of  r a d i a l  i n e r t i a  
i n  t h e  s h e l l  o r  i n  t h e  f l u i d .  [Reference 31 
Two-dimensional v i scous  incompressible  f l u i d  f low i n  an e l a s t i c  
p ipe  was so lved  i n  t h e  laminar f low reg ion .  This  s tudy  does 
inc lude  t h e  r a d i a l  and long i tud ina l  i n e r t i a  o f  t h i n  wall p i p e ,  
but i t  ignores  bending stresses i n  t h e  s h e l l .  [References 1 4 .  
and 151 
Two-dimensional compressible  i n v i s c i d  f l u i d  f low i n  an e l a s t i c  
p ipe  was so lved  f o r  propagat ing harmonic waves i n  both  t h e  
subsonic  and supe r son ic  reg ions .  
t r e a t e d  i n  accordance with t h e  s h e l l  t heo ry .  
r i g i d i t y  of t h e  s h e l l  wall i s  inc luded;  however, t h e  t r a n s v e r s e  
shear ing  r i g i d i t y  is  ignored.  [Present  r e p o r t ]  
In  t h i s  s tudy  t h e  p ipe  i s  
The bending 
The above program h a s  f a i r l y  well covered t h e  ground o f  i n v e s t i g a t i o n  
o f  p re s su re  wave propagat ion  i n  a s ingle-phase  f l u i d  f low.  Hence, it is  
t h e  l o g i c a l  t ime t o  recommend t h e  s tudy  o f  t h e  dynamic e f fec t  o f  c a v i t a t i n g  
bubbles  i n  t h e  f eed  l i n e  as t h e  con t inua t ion  o f  t h e  p r e s e n t  e f f o r t .  The 
importance of  c a v i t a t i o n  played i n  t h e  se l f - induced  l o n g i t u d i n a l  o s c i l l a t i o n  
problem has  been f u l l y  exempl i f ied  by e x p e r t s  i n  t h e  Langley POGO meeting, 
February 1966. 
an understanding o f  methods t o  estimate t h e  frequency i n  a c a v i t a t i n g  
f l u i d  flow is  not  now available 
i n g r e d i e n t ,  i nc lud ing  non l inea r  a spec t s ,  i s  i n d i c a t e d  as necessa ry .  
A gene ra l  obse rva t ion  about t h i s  s p e c i f i c  problem i s  t h a t  
Research on t h i s  fundamental and important  
In  view o f  t h e  many unsurpassable  d i f f i c u l t i e s  a s s o c i a t e d  with t h e  
c a v i t a t i n g  flow problem p h y s i c a l l y  and mathematical ly ,  it i s  suggested 
t o  i n v e s t i g a t e d  t h e  fo l lowing  t h r e e  t a s k s  as t h e  i n i t i a l  s t e p  f o r  a s tudy 
o f  c a v i t a t i o n  e f f e c t  on p r e s s u r e  wave propagat ion  i n  a f eed  l i n e :  
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A .  Formulate natural coordinates for axial-symmetric cavitating bubble. 
B .  Determine the cavitation boundary in terms of geometric shape and its 
variation with time. 
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F i i i I D  I v/s-Tb 
h C T  I ALUMINUM 
LOX 0.409 
TABLE 1. 
TYPICAL PROPELLANT/DUCT PARAMETERS 
STEEL 




17 - 7 PH 
TH 1050 
P rope l l an t  Acoustic V e l o c i t i e s :  
CLox = 4,420 f t / s e c  
C = 17,730 f t / s e c  
LH2 
Mass Parameter, E.L X h E 





I 0.0254 I 0.00927 I 0.0160 I I LH2 
0.0595 0.0570 0.0549 
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FIGURE 1. COORDINATES, FLUID VELOCITY COMPONENTS 
E SHELL DISPLACEMENT COMPONENTS 
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FIGURE 3 .  THE SIMULTANEOUS SOLUTION, dJ1(q ‘) = y ( q 2 )  
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(7) 
FIGURE 6. MAPPING THE SOLUTION OF - J12 = G ! 
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FIGURE 7. SUPERSONIC BRANCHES OF THE FREQUENCY-WAVELENGTH RELATIONSHIP 
= + l) lZ and K 2 2  (6  ) . c 2  
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